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Abstract

The Viterbi sequence(s)of length n of a Markov chain is the sequence(s)of n + 1 states that have
the highest probabilit y of ocurring in the Markov chain. We divide the spaceof all Markov chains into
Viterbi regionsin which two Markov chains are in the sameregion if they have the same set of Viterbi
sequences. The number of Viterbi sequencesremains bounded even as the length increasesto in nit y.
We can also create a polytop e from the set of possible Viterbi sequencesof length n, and we investigate
some of their properties for two- and three-state Mark ov chains.

1 Problem Statement

Let M ¢ be the spaceof all Markov chains with k states. Then M ¢ isa (k+ 1)(k i 1) dimensional space
in which the parametersinclude the probability distribution of the initial state, and the transition matrix,
subject to conditions that certain setsof probabilities must sum up to 1.

The states of a Markov chain will generally be numbered from 0 to ki 1. We will consider sequencef
states produced by Markov chains. The length of a sequences the number of transitions in the sequence.
The zeroth state is the initial state, and the nth state follows the zeroth state after n transitions.

Given a Markov chain M, the probability of a sequenceis the product of the initial probability of the “rst
state and all the transition probabilities between consecutie states. There are k" possible sequenceof
length n. A Viterbi path of lengthn is the sequenceof n+ 1 states(containing n transitions) with the highest
probability. Note that a Markov chain may have more than one Viterbi path of length n; for instance, if
012010is a Viterbi path of length 5, then 010120must also be a Viterbi path sinceboth sequence$ave the
sameinitial state and the sameset of transitions, only that they appearin a di®erent order. Two sequences
are equivalent if their set of transitions are the same. The Viterbi paths of a Markov chain might not be
all equivalert. Considerthe Markov chain on k statesthat has a uniform initial distribution and a uniform
transition matrix (i.e. pj = % for all statesi; j). Every sequencds a Viterbi path for this Markov chain.

To compute the Viterbi path of length n for a Markov chain M 2 M , with initial probability distribution
Yaand transition matrix P, we perform an algorithm that successiely computes Viterbi paths from lengths
0 through n for ead initial state. De ne V(q;n) to be the set of Viterbi paths of length n starting on state
g, and p(qg; n) to be the conditional probability that V(g; n) is the Markov sequencegiven that the q is the
initial state.

1. SetV(qg;0) = qand p(qg; 0) = 1 for each state q.

2. For eah i < n, oncethe paths V(q;i j 1) and valuesof p(qg;i j 1) are computed for eat state g,
compute V(q;i) and p(q;i) asfollows for ead q:



(@) Compute Pyqop(q%i i 1) for eadh state °in M.

3. When i = n, compute V(g;n); p(qg;n) from the valuesof V(g% nj 1);p(c®n 1) asdescribed in the
previous step.

The ideais to successiely compute all Viterbi paths asn is increasing. Once we have all the Viterbi paths
of length i beginning at every starting state, we know what the last i states of a Viterbi path must be if we
are giventhe ith to the last state in the path. Thusto compute the Viterbi paths of length i + 1, we evaluate
the k choicesfor the state after the starting state. We know what the rest of the Viterbi path must be for
ead choice for the following state, so we can compute which path of i + 1 must have highest probabilit y.

We de ne a partition R, of the spaceM  into regionssuch that two Markov chains M ;M are in the same
regioni®they have the sameViterbi path(s) of length n. Theseregionswill vary greatly in size. For instance,
in the partition R, of P,, the region of Markov chains with the Viterbi path 00 make up one quarter of the
entire space. Yet the Markov chain in which all the initial and transition probabilities are 1/2 constitutes a
region by itself. In this problem, we will concernourselveswith only the regionswhich have positive measure
in M, and we will call them Viterbi regions.

Among the questionswe will try to answer are:

1. How can we enumerate all possibleViterbi regionsand describe their boundarieswithin M ?

2. What sequencesof length n may serwe as a Viterbi path for a region of positive measure? What
properties must these paths have?

3. How do the regionsin R, border eac other?

4. How many regions of positive measureare there in R,? What is the order of growth with respect to
k or n?

2 Viterbi Regions of Tw o-State Mark ov Chains

Let us consider how we could answer the “rst question in principle. We rst examine the k subspacesof
M ¢ that correspond to setting the initial probability of one state to 1 and all others 0. Each subspaceis
essetially the setof all possibletransition matrices for a k-state Markov chain. When n = 0, ead subspace
is\divided" into one Viterbi region, for the only Viterbi path of length 1 is simply the initial state. Then we
proceedinductiv ely in a manner similar to the algorithm for computing Viterbi paths. Oncewe are giventhe

partitions for all k subspacednto Viterbi regionsfor n = i, we combine the boundariesof all the partitions

for eath subspaceanto one spaceisomorphicto the setof transition matrices. Sothe setof transition matrices
is partitioned into regionsthat sharethe same Viterbi paths for eat starting state. Each region is then

subdivided accordingto which Viterbi path of length i, when combined with the starting state g, will become
the Viterbi path of length i + 1 starting from state g. Then subdivided regionsthat correspond to the same
Viterbi path are combined into one region within a partition of the whole subspaceinto Viterbi regionsfor

n = i+ 1. Finally, we reconsiderthe third parameter of M , the probability distribution of the initial state.
For a given transition matrix P, we could partition the spaceof initial probability distributions according
to which path that becomesthe Viterbi path. Let T be a set of transition matrices that sharethe sameset



of Viterbi paths for ead initial state, and D be the spaceof initial probability distributions. We partition
T £ D into subspacedasedon the dominating Viterbi path.

This method may not be excient, and it is not clear how theseregionscan be described e®ectiely. Nor is
it clear how subdivision into new Viterbi regionsis easily done. However, this method is easily implemented
with k = 2 states. In this case,we only needto considertwo subspacespamely ¥ = 1 and ¥4 = 1, where
0 and 1 are the two statesin the Markov chain. Each subspaceis two-dimensional, the parameters being
Poo and pio, ead ranging from 0 to 1. It is easyto draw the partitions on a two-dimensional plane. When
n = 0, the partition of eat subspacecontains only one region (state 0 or 1), the whole subspace. Within
M », the surface separating Viterbi regions0 and 1 is simply Y = %, i.e. Y = % For n = 1, subspace
Ye = 1is divided into two regions, 00 and 01, separatedby the line pgy = % Similarly, subspace¥y = 0 is
divided into regions 10 and 11, separatedby pig = %

Now, in order to partition subspacely = 1 into Viterbi regionsfor n = 3, we needto comparethe partitions
of ead subspacefor n = 2. There are four caseso consider,basedon whether pgy or po; is larger, and based
on whether pyg or p11 is larger. We considerthem in succession:

1. poo < por and p11 < p1o: We needto compare which path has higher probability: 001 or 010. Both
paths contain the transtion 01, so comparing the paths comesdown to comparing 00 and 10. But in
this region, pyo > % > poo, S0010dominates 001 in the ertire region.

2. poo < po1 and p11 > pio: We compare paths 001 and 011. Both paths sharetransition 01, so this boils
down to comparing 00 with 11. Sincep;; > % > poo, 011 dominates 001 in this region.

3. Poo > Por and pi; < pio: we needto compare 000 with 010. The path 000 will dominate i® p3, >
Po1P10 = P1o(1i Poo), that is, if
Pho .

1i Poo’

When this inequality is actually an equality, it servesas a boundary betweenthe two regions.

P1o <

4. poo > por and p1; > pio: we compare paths 000 and 011. Path 000 dominates i® p3, > po1pP11 =
p12(1i poo); otherwise, path 011 dominates. This region is divided by the quadratic boundary

Pbo
< -
P 1i poo’
The "nal stagein computing the Viterbi regionsfor n = 2 is to combine similar paths from the di®eren
casesfor n = 1. Paths 010 and 011 eacd appear in two of the cases,so we unify all the parts to comeup
with a total of three Viterbi regionsfor n = 2: 000, 010, and 011. Note that the partition of ¥4 = 1 into
Viterbi regionswill look exactly like the partition for ¥ = 1, only the roles of states 0 and 1 are swapped.
We can obtain the partition for ¥4 = 1 by re°ecting the partition of ¥ = 1 acrossthe line poo = pi1-

Next we compute the Viterbi regionsfor n = 3. By comparing the Viterbi partitions of ¥y = 1and %4 = 1
for n = 2, we seethat we will have six casesto consider. Each caseis listed by the Viterbi paths of length
2, starting with 0 and 1.

1. 010 and 101: We seethat comparing 0010 with 0101 reducesto comparing 00 with 01. But 101 is
Viterbi when pp1 > poo, S0 here 0101is the Viterbi path.

2. 010 and 100: 0010 and 0100 have the same set of transitions, so they are the Viterbi paths for this
region.

3. 000and 100: We note that 000dominates010in this region, therefore 0000 must dominate 0100. The
Viterbi path is 0000.



4. 000and 111: The paths 0000and 0111 have equal probability when pd, = po1p?; = (1i Poo)p?;.

The nal two casesinvolve comparing 0011 to either 0111 or 0101. Now, if 0011 were a Viterbi path,
then its probability must be greater than or equal to the probabilities of the paths 0111 and 0001. Then
Pr(0011), Pr(0111),s0pgo, p11- Howewver, sincePr(0011), Pr(0001), p11, poo. Therefore pi; = poo, SO
0011,0111,and 0001 would all have equal probabilities. Therefore it is impossiblefor 0011to be a Viterbi
path whenewer pgy 6 p11. Sowe concludefor the last two cases:

5. 011land 111: The Viterbi region must be 0111.
6. 011 and 101: The Viterbi regionis 0101.

It turns out that as n increasesbeyond 3, the number of Viterbi regions of M , stays xed at 8. When
n = 2mi 1is odd, the Viterbi paths are 0", 00(10)"i 1, o1"i 1, (op)™i 1, 1", 11(01)" %, 10" !, and
(10)™i 1. When n = 2m is ewen, the Viterbi paths are 0", 0(10)™, 0(01)™, 01"i 1, 1", 1(01)™, 1(10)™, and
10" 1 (where X " represeits state X being repeated n times).

3 Polytop e of Viteribi Sequences

3.1 Linearization of the Space of Mark ov Chains

In analyzing the Viterbi regionsof the spaceof all k-state Markov chains, the boundary surfacesare repre-
serted as an equation betweentwo products of transition probabilities. For instance, betweenregions 1000
and 1111in the spaceof 2-state Markov chains, the equation is

YaProPho = Yaply:
After cancellingout ¥4 on both sides,we seethat the surfaceis a third-degree equation.

It may be easierto visualizethe Viterbi regionsand their boundariesby taking logarithms or the probabilities.
Thusinstead of consideringproducts of probabilities, wework with sumsof logarithms. All boundary surfaces
becomelinear. The boundary between1000and 1111 becomes

logpio + 2logpoo = 3logpii:

By transforming the spacewith logarithms, ead dimensionin the log-spaceis the logarithm of a transition
probability. Thus we can interpret this value logp; asthe weight for the transition ij . Thus the weight of
a sequencsds the sum of the weights of the transition probabilities in the sequencgas well asthe weight of
the initial state). We then divide the log-spaceinto regionsaccordingto which sequencehasthe maximum
weight. Sinceead probability is lessthan 1, their logarithms will be negative. Thus if we de ne the weight
wj = j logp; sothat ead logarithm is negatedto a produce a positive weight, we could alternativ ely
interpret this problem as choosing the sequencewith the minimum weight for ead set of weights.

Note that in this log-space we also have the constraint that P i exp(w; ) = 1for eath statei. This is a curvy
outside boundary surfacefor a spacewith linearized internal boundaries. To simplify the spaceeven further,
we will drop these constraints. Essertially, the probabilities no longer have to sumto 1. But by dropping
these constraints, we may introduce regionsthat correspond to sequenceof maximum weight but are not
Viterbi sequencesWe will call thesesequencepseudo-Viterbi sequencesFor instance, it wasalready shovn
that 001is not a (unique) Viterbi sequencdor any two-state Markov chain. However, for the weights

(Woo; Wo1; Wio; Wa1) = (3;2;4;5);

the sequenced01 has minimum weight out of all sequence®f length 2, beginning with state 0.



RN ZURS (2m; 0; 0; 0)
0*m1 (2mi 1;1;0;0)
a  0o(01)™ @Q;m;mj 1;0)
on™1  (O;m;mi 1;1)
a (01)™0  (0;m;m;0)
012mi 10 (0;1;1;2m 2)
o 012™ (0;1;0;2m i 1)

Table 1: The pseudo-Viterbi sequence®f length 2m. The starred sequencesre geruine Viterbi sequences.

o Q2m*2 (2m + 1;0;0;0)
0*m*1 1 (2m;1;0;0)

o 0(01)"0 (1;m;m;0)
(01)™10 (0O;m;m;1)

o (0™ (0;m+ 1;m;0)
01?M0 (0;2;2;2m 1)

a  012™*1  (0;1;0;2m)

Table 2: The pseudo-Viterbi sequencesflength 2m+ 1. The starred sequencesire geruine Viterbi sequences.

3.2 The Polytop e

We canformulate an alternative model for bordering Viterbi sequence®f length n for k-state Markov chains.

Instead of dividing the spaceof k-state Markov chains accordingto their Viterbi regionsof length n, we shall

represen ead sequenceof length n asa point in a k?-dimensional space. In this new space,eact coordinate

Xag corresponds to the number of transitions from A to B in the sequence. For example, the sequence
021021021010s represened by the 9-tuple (0; 1; 3;4;0;0;0; 3;0) in the casek = 3 states. Note that the

sequencef length n occupy a k? j 1 dimensional subspaceof R¥* sincethe Tal coordinate is determined

by the other k? j 1 coordinates.

Once we plot all the points corresponding to a Viterbi sequenceof length n into Rk, we can examine
the cornvex hull of these points. Each Viterbi sequencewill correspond to an extreme point of this corvex
polytope.

In this section,we will considerthe polytope generatedby only the pseudo-Viterbi sequenceshat start with
state 0. This is analogousto assumingthat the initial probability distribution is ¥y = 1 and % = 0 for all
otheri 6 0.

3.3 Polytop e for 2-state Mark ov Chains

For n > 3, there are a total of 14 pseudo-Viterbi sequences8 of which are true Viterbi sequencesThey are
displayed in Tables1 and 2.

If we plot these points in R*, their corvex hull is a three-dimensional polytope. This polytope has seven
facesand 12 edges.

We could view this polytope as a facet of a greater polytope in which we include sequenceghat start with
state 1. The sequenceshat start with 1 form a polytop e isomorphicto the oneformed by sequenceshat start
with state 0. Thesetwo polytopesare the endsof this four-dimensional polytop e, where we have intro duced
another coordinate designating which state we start with. For instance, (01)™0 is now (0; m; m; 0; 0) and



(10)™1 is (0; m; m; 0; 1) sincethe former starts with state 0 and the latter starts with state 1.

Note that an edge connects a sequencestarting with state 0 to a sequencestarting with state 1 in the
polytope if and only if there exists a matrix of weights that producesboth sequencesdepending on the
initial state. Thus it is impossiblefor a sequencewith period 010 to share an edgewith a sequencewith
period 000 or 111 (starting with the other state) sincethis would imply that the weight of subsequenc&10
equalsthat of subsequencé®00or 111.

4 Num ber of Viterbi Sequences

Considerthe set of Markov chains with k states. We considerthe number of possibleViterbi sequenceshat
are of length n. How doesthis number grow as n approacesin nit y?

Somewhat surprisingly, the number of Viterbi sequencesemains bounded while n continuesincrease. We
shaw for an arbitrarily large n, ead Viterbi sequencecan be rearrangedto t a certain blueprint. This
blueprint consistsof three parts: (1) a long middle periodic sectionin which a sequenceof at most k states
is repeated, which we call the interior ; (2) a short section precedingthe periodic middle, which we shall call
the pre x; and (3) a section following the middle, which we shall call the suxx. The length of the periodic
interior should be maximized sothat neither the pre x nor the suxx contains a subsequencenatching a full
period of the interior; otherwise we move that subsequencénto the interior.

Lemma 4.1 Let a subsguene of t transitions begin and end with A in a Viterbi sequen@ S. Then if
another subsguene of t transitions begin and end with a di®erent state B, the set of transitions in both
subsguen@s must be the same.

Pro of: If the two subsequenceslo not overlap, then S must corntain a subsequenceAxAy B zB, where AXA
and BzB have the samelength. Then AxAy B and AyB zB have the sameprobability, soAxA and BzB must
have the sameprobability aswell. But if AXA and BzB had di®erer sets of transitions, then AyBzB zB
and AxAxAy B would also be Viterbi sequenceswhich is impossible.

If the subsequence®verlap, then S contains a subsequenceAxB yAzB. Sincey is common to both sub-
sequencesAxB and AzB have the samelength. If AxB and AzB have di®erert sets of transitions, then
AxB yAxB and AzByAzB are Viterbi sequenceswhich is alsoimpossible. [ |

Prop osition 4.2 Let S be a Viterbi sequen@ of length k(mk + 1). Then S can be rearrangel to have a
periodic interior that lasts for at least m + 1 periods.

Pro of: Divide S into mk + 1 sections,ead k transitions long. The k transitions are contained amongk + 1
states of S. Two of these states must be the same, so eat section cortains a subsequenceof transitions
betweentwo equal states. The length of these subsequencesnay be from 1 to k. By pigeonholeprinciple, at
least m + 1 subsequencesave the samelength. From Lemma 4.1, the set of transitions must be the same
in thesem + 1 subsequencesWe can move these subsequenceso that they are adjacert to eat other. =

Prop osition 4.3 If a Viterbi sequene has an arbitrarily long uninterrupted periodic section with period p,
then the pre x has at most kp transitions, and the sutx has at most kp transitions.

Pro of: Supposethere were kp + 1 transitions in the pre x. By the pigeonholeprinciple, at least one state
from the Markov chain must appear at least p+ 1 times in the pre x. Call this state A. Now classify the



states in the pre x into p classesby their distance from the start modulo p. From another instance of the
pigeonholeprinciple, state A must appear mp transitions apart within the pre x for someinteger m since
there are two statesthat fall into the sameclass. The mp transitions betweenthesetwo A's must consist of
m periods that match the interior periodic section. (Otherwise we have an equation betweenthe products
of two setsof transition probabilities.) However, the pre x should not contain any subsequencenatching a
period of the interior. We have a contradiction; thusthe pre X can have at most kp transitions. By a similar
argumert, the sutx also hasat most kp transitions. ]

Proving these propositions allows us to concludewith the following theorem.

Theorem 4.4 The number of Viterbi regions of length n for a k-state Markov chain remains bounded as n
approachesin nity.

Pro of: We know that ead sequencemust have a periodic interior. If the period is length p, then there are
at most k!=(pj k)! possibleperiods that the interior could have. Sincethe pre x may last for at most kp
states, there are at most kP choicesfor the pre’x. Similarly, there are at most kkP choicesfor the su#x.
Thus a (rough) upper bound for the number of Viterbi sequence®f length n (for large n) is

k2kp k! .

b=1 (pi k)

5 Viterbi Sequences for Three-State Mark ov Chains

We have establishedthat Viterbi sequenceof arbitrary length must have a periodic interior as well as a
pre X and asuxx. Knowing this structure, we will beginto describe Viterbi sequence®f three-state Markov
Chains. There are eight possibleperiods that a Viterbi sequencecould have: 00, 11, 22,010, 020,121, 0120,
or 0210. We consideread period in turn, although symmetry makessomeanalysisredundant. We will also
restrict to sequenceghat end with state O.

When writing the pre x of a Viterbi sequencewe will enclosethe nal state in parentheses.This nal state
is alsothe beginning of the interior. Similarly, the rst state in the sutx is the last state of the interior, and
it too will be enclosedin parerntheses.

Period 00: To help analyzethis case,we prove the following lemmasand corollaries:

Prop osition 5.1 If the path of a Viterbi region contains a transition between a state g to itself, then q is
the only state that may have a transition to itself in the path.

Pro of: Supposethat another state r appears side by side in the Viterbi path sothat the pattern qqwrr
appearsin the path, where W represens a (possibly empty) intermediate string of states. Note that qqwr
and gWrr are both substrings of gqgWrr that both start with g, end with r, and have the same length.
If either substring had a greater probability than the other, then either qggWr or gWrrr would dominate
goWrr, contradicting the Viterbi property of the path. Therefore ggWr and gWrr must have the same
probability. SincegWr is commonto both substrings, the transition probabilities Pyq = P,. However, such
equationscannot be assumedin a Viterbi region (they must have positive measure),sono other state r may
be repeatedin successiorwithin the path. ]



Prop osition 5.2 If the transition from a state q to itself occurs t i 1 times in suaessionin the path of a
Viterbi region, then the t statesimmediately preceding the run of g's must all be di®erent, and the t states
following the run must all be di®erent.

Pro of: Supposethe path contained a substring rwrX g* whereW and X are strings, X doesnot endin g,
and the length of rwr X is lessthan t. Then considerthe substringsrWrX gand rg wherei+ 1is the length
of rwrXg. Sincethose substrings both start with r and end with g, they must have the sameprobability.
But then we have an equality betweenthe probabilities of two strings with a di®erent set of transitions,
which is impossiblein a Viterbi region. Thusr may appear at most oncewithin the t states precedingq'.
By a symmetric argumert, r may appear at most oncewithin the t states following g. ]

Corollary 5.3 Letthe transition from q to itself appear t times anywheee in the Viterbi path. Then wherever
state q is followad by a di®erent state, the nextt statesmust all be di®erent. Similarly, whereverq is preceded
by a di®erent state, the t states preceding g must all be di®erent.

Pro of: We may gather all t transitions into any one place where the state q exists, leaving the probability
of the whole path unchanged. The string then contains a run of t + 1 g's, with all remaining g's existing in
isolation. The corollary follows from the previous proposition. ]

Corollary 5.4 If the Viterbi path of a Markov chain on k states contains a run of t consecutive g's, and
t > k, thenat mostkj 1 statesmay precede the run, all of which are di®erent, and at mostk j 1 statesmay
follow the run, all of which are di®erent. The path contains at mostk + 2(kj 1) = 3k j 2 states.

Thus after a long run of 0's, the only possiblestates that may follow this run are 1 and 2, and they may
appear at most once. Sincewe are concernedonly with sequencsending in 0, there is no sutx following the
run of 0's. Similarly, the only states 1 and 2 may precedethe run, ead at most once. Sothe only possible
sequence®f length n with period 00 are

o"*1;10";20"; 120" 1; 210" L
(Recall that the length of a sequencds measuredby the number of transitions.

Period 11: Only states 0 and 2 may follow a run of 1's, each at most once. The suxx endswith 0, so
the suxx may be (1)0 or (1)20. Similarly the pre x may contain at most one 0 and one 2. There Viterbi
sequencewith period 11 must have one of these forms:

021"0; 201" 0; 021" 20, 201" 20
or any suxx thereof (e.g. 01"20, 1"0).
Period 22: This caseis symmetric with period 11; simply interchange states 1 and 2.

Period 010: We can always rearrangea Viterbi sequencesothat there is no suxx; sincewe assumethat the
sequencezndsin 0, we can always move the subsequenc@10to the end of the sequence.

The interior may begin with either state O or 1. If the interior starts with 0, then only states O or 2
could immediately precedethe interior. (State 1 would only lengthen the interior.) We can eliminate some
impossiblepre xes, using the following facts:

1. The pre x may not contain subsequence®10or 101 (for they would be part of the interior).

2. The pre’x may not contain 020or 121 for then Pr[020]= Pr[010] or Pr[121]= Pr[101].



3. States 0 and 1 may appear at most oncein the pre x. For if state O appearedtwice in the prex,
there must be an odd number of transitions in between(if it were an even number, then the statesin
betweenthe 0's would match the interior). But if an odd number of transitions separatethe 0's, then
one of them is an even distance from the O's in the interior.

4. Wherever state 0 appearsin the pre x, it must be an odd distance from any 0 in the interior. A similar
statemert also holds for state 1.

5. State 2 may appear at most twice, and if it does,they must be an odd distance apart. Lemma4.1 says
if they were an even distance apart, then the transitions in betweenwould also match the transitions
of the interior, which is impossible. If state 2 appearedin the pre x three times, then two of them
would be an even distance apart.

Thus the only possibleViterbi sequenceghat satisfy all these conditions are subsequencesf
20120(10Y;2102(10}'; 200(10)"; 2100(10}';

201(10)'; 21(10)*; 0122(10'; 10220(10§ :

Period 020: Similar to the casefor period 010.

Period 121: We do an analysis similar to that of period 010. For now, we will consider Viterbi sequences
whoselast three states are 210. Once again we eliminate impossiblepre xes with the following facts, many
of which carry over from the case010:

1. States 1 and 2 may appear only once in the pre x, and at an odd distance from states 1 and 2
(respectively) in the interior.
2. Subsequenced01 and 202 are impossiblewithin the Viterbi sequence.

3. The subsequence201 may not appear, for then we could then create an equivalent sequenceending
with 212010by moving the transitions within 201to the end. But then we violate Lemma 4.1.

4. State 0 may appear at most twice in the pre x, and at an odd distance if they do.
Finally, we needthe following proposition to complete the analysis:

Prop osition 5.5 A Viterbi seguene@ (or an equivalent seguen®) cannot end in 11210, or equivalently,
12110.

Pro of: Sincethe sequenceendswith 10, we must have p1g > p11. And since110is a Viterbi subsequence
with higher probability than 101, we must have p11p10 > PioPor, Which meansp;; > poi. Finally, 112 has
higher probability than 102, so p11p12 > pioPoz2. Then

> P10Po2 S

P12 Po2

where we usethe fact that pig > p1. Thus
1=pwo+ P+ P2>Poo+ Por+ Po2=1

which is a contradiction. [ ]



Thus the possibleViterbi sequencesvith period 121, ending with 210, are
0210(21)'0; 01(21)"0; 00(21)'0; 001(21)' 0; 02(21)' 0; 012(21)' O:

Period 0210: Just as in the casefor periods 010 or 020, we may assumethat there is no suxx, and that
the sequenceends with state 0. Also supposethat the interior starts with state 0. Then either state 0
or 2 immediately precedesthe interior. If 0 is the preceding state, then 2 may not precedeO, for then
2002 and 2102 would be subsequence$n the sameViterbi path. Soif 00 precedesthe interior, then from
Proposition 5.2 the pre x can be extended so that the pre x is 2100(0). Otherwise, if 10 precedesthe
interior, only state 2 can precede10. (If state 1 preceded10(0), then 11 and 00 would be in the same
sequenceyiolating Proposition 5.1. If state 0 preceded10(0), then 0100 and 0210 would be in the same
sequence.) The pre x cannot be extended before 210(0) since 0210(0) would extend the interior; 1210(0)
and 10210cannot coexist; and 2210(0) violates Proposition 5.1.

Now supposestate 2 immediately precedesthe interior. If states 12 precededthe interior, then 12(0)210is
equivalent to 121020,but 121 and 020 cannot coexist (Lemma 4.1). States 22 cannot precedethe interior,
for 22(0)2 and 2102 cannot coexist. Thus only 02 can precedethe interior. The only further extensionsfor
the pre x is either 102(0) or 10202(0).

If the interior beginswith states 1 or 2, the analysisis symmetric. Thus the possibleViterbi sequencesre

2100(2107 ; 21000(210§ ; 02110(210% ; 021110(210) ; 102(210Y'; 1022(210§ ;
21010(210} ; 2101010(210); 120(210}'; 12020(210% ; 021(210}'; 02121(210%

Period 0120: Similar to period 0210.

6 Polytop e of 3-State Pseudo-Viterbi Sequences

In this section, we will discusssome properties of the polytope of 3-state pseudo-Viterbi sequences.Here,
we drop the condition that probabilities must sum to 1, and we rst consider the polytope generated by
sequencewith initial state 0.

There are 6 di®erert kinds of polytopesbasedon the length n of the sequencemodulo 6. The structures of
the polytopesbegin to repeat beginning with n = 10.

The vertices of ead polytope form eight local clusters, one for ead periodic pattern (000, 111, 222, 010,
etc.). For instance,the sequencesontaining long strings of zercesform their own cluster, asdo the sequences
with the repeating pattern 0120120.Giventhe polytop e of sequence®f length n, we can createthe polytope
of sequence®f length n+ 6 by moving ead cluster in the direction of its pattern. The 000-clusterwill move
up the 00-coordinate by 6; the 0120-clusterwill move up by 2 in ead of the coordinates 01, 12, and 20.

We can derive somecertain properties about edgeswithin and betweenthese clusters of vertices.
Prop osition 6.1 Let q be a state, and W; X;Y;Z be a sequen@ of statesin which W and X have equal

lengths,and Y and Z have equal lengths. If W 6 X and Y 6 Z, then WqY and X gZ is not an extreme
edge of the polytope.

Pro of: Considersequence®VgZ and X qY. With WqY and X gZ, thesefour sequence$orm a parallelogram
in the polytope in which the sidesare parallel to the vectorsgZ i qY and Wqgj X g. The segmen between
WqY and X gZ is a diagonal in the parallelogram. ]
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We can also formulate and prove this proposition in terms of the normal fan of the polytope: If WqgY and
X gz are nonempty Viterbi conesin the normal fan, then they are not bordering cones. If they were, then
their border can be expressedin one linear equation. Howewer, [WqY] = [X gZ] implies [Wq] = [X q] and
[gY] = [gZ], soWqY and X gZ must shareborderswith other conesas well.

The following proposition will help us understand how edgesconnect vertices in di®eren clusters of the
polytope.

Prop osition 6.2 Let A; and B, be vertices of the polytope in di®erent clusters. If there exist sequenes
A>;B; for which A1 is in the samecluster as A,, B is in the samecluster asB,, B1j A; andBsj A, are
parallel vectors but not parallel to B, j A, then A; and B, are not adjacent verticesin the polytope. (Note
that A, and B; do not need to be vertices of the polytope.)

Pro of: SinceB1j A;isparallelto Boj Ay, sequenced\;;A,;B1; B>, are coplanarand form a quadrilateral.
SinceB1j Aj isapositive multiple of Boj Ay, the order of the verticesaround the quadrilateral is A;A,B,B;.
Thus A;B; is a diagonal of the quadrilateral aslong asB,j A; is not parallel to By j A;. ]

Another interpretation of this proposition in terms of the normal fan is that A; and B, are on opposite sides
of a hyperplane p = g, where p and q are the periods of the interiors of A; and B, (where the periods are
repeated sothat p and g have the samelength). This is becauseA; and B; are on opposite sidesof p= q,
asare A, and B,. Soif A; and B, sharea border, it must be p= ¢g. But if the border isn't p= q, then A;
and B, are not bordering cones.

We will usethese propositions to help us describe the polytope of Viterbi sequencesf length 12 in three
states. For instance, we could use Proposition 6.1 to show that eat sequencen the cluster 0120 can have
at most one neighbor in every other cluster. If we wanted to nd adjacert vertices between clusters 0120
and 1111,then we could remove every appearanceof the period 0120with 1111. Sothe only neighbor that
sequenced1201201202020uld have in cluster 1111would be 0111111120202But every sequencean cluster
1111hasa di®erert neighbor in 0120,none of which is 0120120120202Thus 012012012020has no neighbor
in cluster 1111.

One must be careful in using Proposition 6.2 sothat somepotential edgesare not eliminated. Consideredges
betweenclusters 000and 111. We can concludethat [01]+11[11] cannot border 10[00]+[012]or 10[00]+[021]
since the latter may share borders with [01]+10[11]+[12] and [021]+10[11], respectively. But we cannot
conclude that [01]+11[11] doesn't share borders with 12[00] or 11[00]+[02]; in fact, both sequencesare
neighbors with [01]+11[11]. Proposition 6.1 doesnot apply to 12[00]or 11[00]+[02] since they do not have
corresponding sequencedeginning with 0 that results from substituting 00 with 11.

Also, just becausetwo Viterbi sequenceexist whosedi®erenceis simply the periodic interiors doesnot mean
they must be adjacert sequences.For instance, consider 3[0120]+[0202]and 3[0210]+[0202]. Presumably;
they share an edgeparallel to the vector [0210]-[0120]. Howewer, considerthat 3[0120]+[0202]might share
borders with 2[0120]+[0101012],3[0120]+[0212],and 5[020]+[012]. The connecting vectors are a = [101]j
[202], b= [212]; [202],and c = [0202020] [0120120].Since,a+ b+ c = [0210]; [0120]it turns that the
segmen between 3[0120]+[0202]and 3[0210]+[0202]must be a diagonal of some subpolytope of dimension
of at least 3. In fact, we can make an even stronger statement:

Prop osition 6.3 No vertex in the 0120-clusteris adjacent to a vertex in the 0210-cluster.

Pro of: From Proposition 6.2, if some edge connectedsequencedA in cluster 0120 and B in cluster 0210,
then A and B must have the samepre x/sutx. The edgeis parallel to the vector [0210]j [0120], which
can be expressedas the sum of vectors [0101010] [0120120],[0202020] [0120120],[1212121} [0120120].
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0120120120120 4[0120]
0120120120012 3[0120]+[0012]
0120120120001 3[0120]+[0001]
0120120120201 3[0120]+[0201]
0120120120202 3[0120]+[0202]
0120120120112 3[0120]+[0112]
0120120120111 3[0120]+[0111]
0120120120101 3[0120]+[0101]
0120120101012 2[0120]+[0101012]
0120120120122 3[0120]+[0122]
0120120122201 3[0120]+[01]+[222]
0120120120121 3[0120]+[0121]
0120120121212 2[0120]+[0121212]

SCrXRXCTIOTMMOO®>

Table 3: Sequencesn cluster 0120.

F o H

Figure 1. (Partial) adjacency stucture within cluster 0120. Not shown is how A is adjacert to all other
verticesin the cluster, and adjacency betweenthe groups.

Howevwer, there exist sequenceshat lie along thesevectorsthat start at A. The segmen from A to B is thus
a diagonal of a subpolytope of dimension at least 3. Thus A and B are not adjacert sequences. ]

We now go into a cluster-by-cluster description of the adjacencystructure of the three-state polytope.

6.1 Cluster 0120 (and 0210)

In cluster 0120, there are 13 vertices which we will label as shovn in Table 3

SequenceA is adjacert to all other sequencesn the cluster. We then break the rest of the cluster into
two groups: fB;C;F;G;J;Kgand fD;E;H;l;L; Mg. The adjacency structure within ead group is like
that of a truncated triangular pyramid as shown in Figure 1. In the rst group, BFJ and CGK form a
pair of similar triangles, with CGK twice aslarge asBFJ. (Each edgein CGK is twice the length of the
corresponding edgein BFJ.) Similarly, DHL and EI M are similar triangles in the secondgroup

Betweenthe two groups, B, F, and J are adjacert to all sequencesn the other group, while C;G;K are
adjacert to nonein the other group. Likewise,D;H;L are adjacert to all sequencesn the other group while
E;l;M are adjacert to none. Thus A; B;D;F;H;J;L form a complete graph of order 7.

SequenceA alsohas neighborsin every cluster except0210. All other sequencesn the 0120cluster have ex-
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B,C 000

D.E 020
FG 111
H,! 010
JK 222
LM 121

Table 4: Neighboring clusters for sequencesn cluster 0120.

0000001 0000002
\. :
0000021 | 1 0000012
! !
! !
! !
]
\ | .
0012121 | , 0021217
0212121 0121212

Figure 2: Polytope containing both 10[00]+[012]and 10[00]+[021].

actly oneneighbor outside the cluster. B and C have neighborsin cluster 000, corresponding to 10[00]+[012]
and 11[00]+[01], respectively. Neighbors for all other sequencesn the cluster are shown in Table 4.

The structure for cluster 0210is symmetric to that of cluster 0120.

6.2 Cluster 000

Except for the pair (10[00]+[012], 10[00]+[021]), an edge exists between every pair of sequencesn cluster
000. Figure 2 shows the smallestfacet corntaining 10[00]+[012]and 10[00]+[021].

The all-zero sequencel2[00]happensto be adjacert to any sequencehat doesnot contain an internal zero.
Although Proposition 6.1 explainswhy no internal zeromay occur in an adjacert sequenceijt doesnot verify
that all other sequenceslo border 12[00].

6.3 Cluster 111 (and 222)

The sequencesf cluster 111 can be divided into two groups: those that begin with 011 and those that
begin with 021. The internal structure of ead group is isomorphic to the structure of cluster 000. The
only pairs of sequencen ead group that are not adjacert are [01]+9[11]+[102] and [01]+9[11]+[120], and
[021]+8[11]+[102] and [021]+8[11]+[120]. Betweenthe two groups, eat sequencen the 011-groupis con-
nectedto a sequencdrom the 021-groupvia the vector [021]-[011].

The structure of cluster 222 is isomorphic to the structure of cluster 111.
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name sequence alternate arrangemen  doesn't border

A 0101010101010

B 0101010101012 K

C 0101010101011 0110101010101 F.H

D 0101010101102 0110101010102 E,G,,J,K
E 0101010101001 0100101010101 D,H

F 0101010101002 0100101010102 C.GIl1JK
G 0101010101021 0102101010101 D.,F

H 0101010102102 0102101010102 CEIlLJK
I 0101010101201 0120101010101 D,FH.L
J 0101010101221 0122101010101 D,F,H,K,L
K 0101010102201 0102201010101 B,D,F,H,J
L 0101010101022 1,J

Table 5: Adjacency exceptionslist for 010-cluster. The far right column lists which sequenceslo not border
the sequencedescribed to the left.

6.4 Cluster 121

We can divide cluster 121 into four groups, basedon the last three states. The sutxes for thesefour groups
are 212,210,121, and 120. Let us considerthe “rst two groups (212, 210). Each group has v e sequences
that start with a di®eren pre x; 01212,00212,02212,02102,and 02112. Within ead group, the edges
amongthe v e sequencesorm a complete graph. Betweenthe two groups, an edgewill connecttwo vertices
i® they have the same pre x (Proposition 6.2. The same structure ariseswithin the other two groups
(endings 121 and 120). Note that exceptfor [021]+5[121],[02]+5[212]+[20], and [001]+5[121],eadh sequence
in those other two groups can be rewritten in the form 0121212t¢¢with a distinct suxx (none of which end
white 212 or 210); for instance, 012012121212@an be rearranged as 0121212120120Thus the only edges
going from groups 212 and 210 to groups 121 and 120 are [012]+5[212], [010]+5[121]to [021]+5[121] and
[020]+5[212].

6.5 Cluster 010 (and 020)

We describe the internal structure of this cluster by listing which pairs of sequenceglo not have an edgein
between. These pairs are listed in Table 5.

Proposition 6.1 can explain most of the instanceswhere an edgeis lacking. For instance, C doesnot border
F sinceif they did, it would imply that [01]=[02], and [110]=[100]. Similarly, J and K are not adjacert since
that would mean[122]=[102] and [210]=[220].

Howeer, the lack of edgeshetweenpairs (B;K) and (I ;L) is explainedin that B; | ;K ;L form a parallelogram
in which the vectors are [012]-[022]and [10]-[20].

6.6 Edges between clusters

Proposition 6.2 goesa long way in eliminating many possiblepairs of sequencedrom di®erert clusters that
do not form an edgeon the polytope, but rather a diagonal of a face of the poyltop e. We can show that the
edgesbetweenthe following pairs of clustersform a (not necessarilyperfect) matching amongtheir sequences
(i.e., eath sequencen one cluster is joined to at most onein the other cluster):
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10[00]+[012] and 5[020]+[012]
10[00]+[021] and 5[010]+[021]
10[11]+[021] and 5[010]+[021]
8[11]+[02102] and 4[010]+[02102]
8[11]+[02102] and 4[121]+[02102]
9[11]+[0102] and 3[0210]+[0102]
9[11]+[0212] and 3[0210]+[0212]
10[22]+[012] and 5[020]+[012]
8[22]+[01201] and 4[020]+[01201]
8[22]+[01201] and 4[212]+[01201]
9[22]+[0201] and 3[0120]+[0201]
9[22]+[0121] and 3[0120]+[0121]
5[010]+[002] and 5[212]+[002]
5[010]+[022] and 5[212]+[022]
4[010]+[01102] and 4[212]+[02112]
4[010]+[02102] and 4[212]+[02102]
5[020]+[001] and 5[121]+[001]
5[020]+[011] and 5[121]+[011]
4[020]+[02201] and 4[121]+[01221]
4[020]+[01201] and 4[121]+[01201]
4[0120] and 4[0210]
3[0120]+[0101] and 3[0210]+[0101]
3[0120]+[0202] and 3[0210]+[0202]

Table 6: Pairs of sequencesvith common pre xes/suxxes that do not sharean edge.

2 Clusters 01200r 0210with any other cluster;

2 Cluster 121 with any other cluster except 000;

2 Cluster 010 with clusters 000,111, or 020;

2 Cluster 020 with clusters 000, 222.
Although Proposition 6.2 can show that ead sequencean one cluster is matched to at most one sequencen
the other cluster, it doesnot automatically meanthe edgemust exist. Proposition 6.3 shaved why no edges

exist between clusters 0120 and 0210. Table 6 describes some false matches of pre xes/suzxes between
clustersin which no edgeactually exists:

15



