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Abstract

We study the Bergman complex B(M) of a matroid M: a poly-
hedral complex which arisesin algebraic geometry, but which we de-
scribe purely combinatorially. We prove that a natural subdivision
of the Bergman complex of M is a geometric realization of the order
complex of its lattice of °ats. In addition, we show that the Bergman
fan B(K ,) of the graphical matroid of the completegraph K, is home-
omorphic to the spaceof phylogenetic trees Ty,.

1 Intro duction

In [1], Bergmande ned the logarithmic limit-set of an algebraicvariety in or-
derto study its exponertial behavior at in nit y. We follow [10Q] in calling this
setthe Bergman complexof the variety. Bergmanconjecturedthat this setis
a nite, pure polyhedral complex. He alsoposedthe questionof studying the
geometricstructure of this set; e.g, its connectednesshomotopy, homology



and cohomology Bieri and Groves rst proved the conjecturein [2] using
valuation theory.

Recerily, Bergmancomplexeshave received considerableattention in sev-
eral areas,suc astropical algebraicgeometryand dynamical systems. They
are the non-archimedean amcelas of [5] and the tropical varieties of [10, 11].
In particular, Sturmfels[10] gave a new description of the Bergman complex
and an alternative proof of Bergman'sconjecturein the languageof Grébner
basistheory. Moreover, when the variety is a linear space,so the de ning
ideal | is generatedby linear forms, he shaved that the Bergman complex
canbe described solelyin terms of the matroid assaiated to the linear ideal.

Sturmfels used this description to de ne the Bergman complex of an
arbitrary matroid, and suggestedstudying its combinatorial, geometricand
topological properties. The goal of the paper is to undertake this study.

In Section 2 we prove the main result of the paper. We show that, ap-
propriately subdivided, the Bergman complex of a matroid M is the order
complex of the lattice of °ats Ly of the matroid. These order complexes
are well-understood objects [4], and an immediate corollary of our result
is an answer to Bergman's questionsabout the geometry of B(M) in this
special case. The Bergman complex of an arbitrary matroid M is a nite,
pure polyhedral complex. In fact, it is homotopy equivalert to a wedgeof
(r i 2)-dimensionalsphereswherer is the rank of M.

In Section3, we take a closerlook at the Bergmancomplexof the graph-
ical matroid of the complete graph K,,. We shawv that the Bergman fan
B(K ) is exactly the spaceof ultrametrics on [n], which is homeomorphicto
the spaceof phylogenetictreesasin [3]. As a consequenceye shav that the
order complexof the partition lattice | , is a subdivision of the link of the ori-
gin of this space.This providesa new explanation for the known result that
thesetwo simplicial complexesare homotopy equivalert [8, 13, 14, 15, 16].

Finally, in the appendix, we review somematroid theory which we will
usethroughout the paper. For a more thorough introduction, we refer the
readerto [7].



2 The Bergman complex

Let M be a matroid of rank r on the ground set[n], andlet! 2 R". Regard

of M isgivenby ! g = 1, + 1, + CCC+ ! .

Let M, be the collection of basesof M having minimum ! -weight. This
collection is itself the set of basesof a matroid: if we considerthe matroid
polytope of M, then the facethat minimizesthe linear functional ! is pre-
cisely the matroid polytope of M, .

De nition. The Bergmanfan of a matroid M with ground set[n] is the set
B(M):=f! 2 R" : M, hasno loop:

Notice that M, will not changeif we translate ! or scaleit by a positive
constart. We can thereforerestrict our attention to the sphere

SNZ=f1 2R" 1+ ¢e¢+ 1, =0;!2+ ¢eC+ | 2= 1g:

In doing this, we only losethe constart weight vectorsc = (c;c;:::;c), for
which M, = M:

De nition. The Bergman complex of a matroid M with ground set [n] is
the set
B(M):=fl 2S"2 : M, hasno loops:

We start by describingthe ! -minimum basesfor a given weight vector
I'. The ! -minimum basesare not only minimum with respect to their total
weight; they alsominimize the weight vector componert-wise.

M with Iy - !y, - ¢C¢- 1, andlet C = fcy;:::; g be any other basis of
M with !¢ - 1 - €C- . Then!y - I for1- i- n. In particular,
any two ! -minimum baseshavethe sameweights.



This lemma allows us to better understand the structure of M, . For
example, using the greedy algorithm, we can obtain a ! -minimum basis of
M [7, Theorem 1.8.5]. M, will then be generatedby this basisalong with
all other baseshaving the samecoordinate-wiseweigit.

In particular, it follows that M, dependsonly on the relative order of

de nition.

De nition. Two vectors u;v 2 S"i 2 are in the sameweight classwhenthey
havethe samerelative order; that is, whenu; < u; if and only if v; < v; for
1-0;j- n.

We can descrite weight classedy their de ning equalitiesand inequali-
ties. For example,one of the weight classesn S2 is the set of vectors! sud
that 1 ; = 14< 1, < 13= 15 Geometrically we can view \&veigh classes
asthe facesof the braid arrangemen A, ;, cut out by the lrz‘ hyperplanes
Xj=x;forl- i<j-. n

If uandv arein the sameweight class! , then M, = M,. We denotethis
matroid by M, .

De nition. A weightclass! is valid for M if M, hasno loops.

The Bergmancomplexof M is then the disjoint union of the valid weight
classedor M . Each valid weight classis an open sphericalpolytope. We will
show that thesepolytopesform a polyhedral complex: the (open) facesof a
valid weight classare obtained by replacingsomeof the de ning inequalities
with equalities; and we will seein the proof of Theorem 1 that the weight
classeghat we canobtain in this way are alsovalid. The intersectionof two
valid weight classess clearly a face of both of them. When we talk about
the vertices and facesof B(M ), we will meanthe vertices and facesof the
polyhedral complex.

We remark that there is another natural way to decommpseB(M ) into
open spherical polytopes, where two valid weights v;w 2 S"i 2 are in the



same cell wheneer M, = M, [10]. We will focus our attention on our
decomposition by weight classeswhich is ner than this one.

Theorem 1. For alooplessmatroid M, the suldivision of the Bergmancom-
plexof M into weightclassess a geometric realization of the order complex
of the lattice of °ats of M.

Proof. Let M be a looplessmatroid of rank r on [n]. First we show the
correspndencebetween’ats of M and vertices(i.e., zero-dimensionaiveigh
classesyf B(M).

be its complemen. Considerthe weight class! ¢ = f! 2 R"jl¢, = I, =
rr= g < g o= lgo= 0= e g and the induced matroid M, .
Clearly, the ! -minimum basesare the basesof M which cortain a maximal
independent subsetof F. All sudh maximal independert subsetshave the
samesizeand ead elemen of F is cortained in at least one of them. This
shavsthat no elemen of F isaloopin M, .. SinceF is a °at, every elemen
of  increaseghe rank of F. This implies that for ead elemen f of E and
any maximal independen set| of F, the set| | f is independent. This
setis cortained in somebasis,which is ! -minimum as seenabove. Thus no
elemen of F isaloopin M, _, and! ¢ is a valid weight classfor B(M).

For the other direction, let ! g = fl 2 R"jl g =1y =ii=1g <lg =
ly, = 1i:= g, ,0beavertex of B(M). SupposeG is not a °at of M and
d, is in the closureof G. Then @; doesnot form an independer set with
any maximal independert subsetof G. Therefored; is not cortained in any
I -minimum basis,soit is aloop in M, ., which is a cortradiction.

Next we descrile the higher dimensionalfacesof B(M). Considerany
maximal °ag of “ats F = f;, Y2 F; %2 F, % ::: Y2 F, = [n]g and the
correspnding weight class! ¢ = f! 2 R"jl g < e, < 100 < TEgr, 10

we claim this is a basis. Start with F; and add any elemen of F,nF;. This
must be independert sinceF; is a °at. Next add any elemen of F3nF,. This
must be independen sinceF; is a °at of rank 2 and adding any elemen will
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increasethe rank. Continuing in this way we form a basis. Also, this basis
is ! g-minimum. Any subsetwith lower weight would cortain more than k
elemens from Fy, for somek. But Fy hasrank k and hencesudt a subset
cannot be independer. Every elemen of M is in somebasisformed in this
manner, shaving M,,. hasno loops. Therefore! ¢ is a valid weight classand
correspndsto a facet of B(M) sinceF wasa maximal °ag.

Now, recall that to get lower dimensionalfacesof a facet! ¢ of B(M)
we replaceinequalities with equalities. The e®ectof this is to remove some
cats from the °ag F. Any sud weight class! o will at least cortain all
!' £ -minimum basesand thus M, _, will alsonot have any loops. This gives
us all facesof the order complexof the lattice of °ats asvalid weight classes
of B(M).

To nish the proof, we needto show that no other weight classis valid.
Considera weight clags! ¢ = f! 2 R"jlg, < lg, < 111 < 5,0 sud that
for somej the union €=1 Gj is not a °at. Take the smallestsudh j. Then,
as above, there exists someelemetn in !(—j+1 G; that doesnot increasethe
rank of any maximal independert setin ~/_, G;, and hencecannotbein an
I s-minimum basis.. O

The order complexof the lattice of °ats of a matroid is a well understood
object [4]. As an immediate consequencef Theorem 1, we get the following
result.

Corollary . The Bergman complexB(M) is homotopyequivalentto a wedge
of ®(L) (rj 2)-dimensionalsphees,wheee L is the lattice of °ats of M. Its
sulgivision into weightclassess a pure, shelable simplicial complex.

Here (L) = (j 1)t (0: 1) is an ewaluation of the M8bius function *
of the lattice L. The MAbius function is an extremely useful combinatorial
invariant of a poset;for more information, see[12, Chapter 3].

Example: Let M be the graphical matroid of the complete graph on
four nodes. The basesof this matroid are given by spanningtrees. The °ats
are complete subgraphsand vertex disjoint unions of complete subgraphs
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(seeFigure 1). Note that in this case,the °ats are in corresppndencewith
the partitions of the setfA; B;C;Dg. In general,the °ats of the graphical
matroid of K,, arein bijection with partitions of the set[n]. Furthermore, the
lattice of °ats is the sameasthe partition lattice | ,, which orderspartitions
by re nemert.

A

—2 P
6

1 3
5

@ %)

D 4 C

Figure 1: The graph K4 and the lattice of °ats of the correspnding matroid.

The Bergman complexB(K 4) is shavn in Figure 2. It is a wedgeof six
1-spheres. More generally B(K,) is a wedgeof b(} ) = (nj 1)! spheres
of dimensionn j 3. The verticesof B(K 4) are labeled as °ats and a few of
the correspnding weight classesare shavn. Notice that the ground set of
a matroid is always a °at, which correspndsto the weigh classin which
all weights are equal. Recall we removed this point when normalizing the
Bergmancomplexto the sphere.

Our subdivision of the Bergman complexis almost the Petersengraph.
The only di®erences the presenceof the three extra vertices, 13,24 and 56.
In the coarsersubdivision, whereA and ! arein the samecell if M= M, ,
these three vertices do not appear. For example,! ; < I3 < 1, =1, =
I 5 = | g inducesthe samematroid as! ;= !3< !, =1,=15= 14 and
lg< !l <l,=1,=15= 14 Nextwe descrite the relationship between
thesetwo subdivisionsin general.

Recallthat the decompmsition of B(M ) into cellswhich induce the same



1 Wi<Wp=Ws = W= W,=Wg

W< Wy=Wg < Wy=W,=Wg

¥ O W S W,T W < W= W, Wy

146 125

Figure 2. The Bergman complexof the graphical matroid of K 4.

M, is a nite, pure polyhedral complex. To descrike it, it is enoughto de-
scribe its full-dimensional cells; their intersectionsare the lower-dimensional
cells. Therefore,to recover this decommsition from our ner subdivision, we
only needto determine which full-dimensional weight classegjive the same
matroid M, . First we give another description of the M, s.

Prop osition. LetF =f; = Fy % F; %2 ¢¢% F, %2 Fs; = EQ be any °ag
of subsetsof the ground set E of a matroid M. Then

M. = (MjF;) © (MjF;)=F, © ¢t¢© (M Fy)=F; 1 © (M=F):

Proof. To simplify the notation, let M; = (MjF)=F,,for1- i - k+ 1.
ConsiderabasisB 2 M, ; wehavejB\ Fijj=r(F) forl- i- k+ 1.If we
write B; = B\ (Fii Fi; 1), we have that

rv;(Bi) =r(Bi[ Fiyo)i r(Fij0)=r(F)i r(Fiw);

wherethe last equality holdsbecauseB;[ Fi; ; cortains B;[ ¢¢d B;, which is
abasisof F;. ThereforeB; is abasisof M;, and B is a basisof M {©¢CEOM 1 .

let B = B[ ¢¢¢[ By+1. An easyinduction shavsthat B, [ ¢¢¢[ B; is a
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basisof F; for ead i. ThereforeB is a basisof M, and jB \ F;j = r(F), so
B is abasisof M, ... O

Call two full-dimensional weight classesadjaaent if the intersection of
their closuresis a facet of both. To determinewhich full-dimensional weigh
classegyive the samematroid M, , it is clearly enoughto answer this question
for pairs of adjacen ones.

Theorem 2. Let! g and! & be adjaent full dimensionalweightclassesand
let the intersection of their closures be the closure of ! ¢.

(i) We can write

F = fF%0¢%F, 19
G = fFL% 0% F %G Y%F,, %000%F,, 19
G = fF, %% F % G°%Fiy Y2 006 F, 19

Proof. The °ag F hasrj 1 °ats, soonly oneof the di®erences(Fi+1)i r(Fi)
is 2, and the other onesare 1. The °ats G and G° must both be inserted
betweenF; and Fi,; . Writing the inequalitiesde ning the closuresof! ¢, ! &
and! o, we seethat G\ G°= F; and G[ G°= Fi,;.

Now we prove (ii) . Let M; = (MjF;)=F; 1. Notice that we can rewrite
the given rank condition in the form ry, (Gi F) + ry, (G% Fi) = r(M)).
This holdsif andonly if Gj F; (and G° F;) is a separatorof M;.

Let N = M;©¢¢tOM; © M., ©¢¢O M., . By the previousproposition,
and using the fact that restriction and cortraction comnute,

M, = NOM,

M NOM =G F)OMjGij F)
M o N ©M;=(G°% Fi)© M;j(G°% Fy)
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If Gj Fi andGY% F; areseparatorsof M, thenwegetM,. = M, _ = M -
Conversely assumeM, ; = M, . Restricting thesetwo matroids to the set
G% Fi,wegetM;=Gj F) = M;ij(G% F;) = Min(Gj F;). ThereforeGj F;
is a separatorof M;. O

3 The space of phylogenetic trees

In this section, we show that the Bergmanfan B(K ) of the matroid of the
completegraph K,, is homeomorphicto the spaceof phylogenetictrees T,
asde ned in [3]. To do so, we start by reviewing the connection between
phylogenetictreesand ultrametrics.

De nition.  Given a nite set X, a dissimilarity map on X is a map + :
X £ X ! R suchthat +(x;x) = 0for all x 2 X, and Hx;y) = Hy;x) for all
X,y 2 X.

De nition. A dissimilarity mapis an ultrametric if, for all x;y;z 2 X, two
of the values%(x; y); #(y; z) and Hx; z) are equal and not lessthan the third.

Let T be a rooted metric n-tree; that is, a tree with n leaves labelled
1;2;:::;n, togetherwith alength assignedo eat oneof its edges.For eah
pair of leavesu; v of the tree, we de ne the distane dt (u; v) to be the length
of the unique path joining leavesu and v in T. This givesus a distance
function dr : [n]£ [n]! R. Wewill only considerequidistant n-trees These
are the rooted metric n-trees suc that the distance betweenthe root and
any leafis equalto 1, and the lengths of the interior edgesare positive. (For
technical reasons,the edgesleading to a leaf are allowed to have negative
lengths.)

We can think of equidistart trees as a model for the ewlutionary rela-
tionships betweena certain set of species. The various species,represeted
by the leaves,descendrom a singleroot. The desceh from the root to a leaf
tells us the history of how a particular speciesbranched o®from the others.
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For more information on the applications of this and other similar models,
seefor example[3] and [9].

The connection between equidistart trees and ultrametrics is given by
the following theorem.

Theorem. [9, Theorem 7.2.5]A mapz:[n]£ [n]! R is an ultrametric if
and only if it is the distance function of an equidistant n-tree.

We canthink of a dissimilarity map +: [n]£ [n]! R asaweigh function
w. on the edgesof the complete graph K,,. This leadsus to the following
result, which connectstheseideasto the Bergmanfan.

Theorem 3. A dissimilarity map+:[n]£ [n]! R is an ultrametric if and
only if w. is in the Bergmanfan B(K ).

Proof. We claim that the following three statemerts about a weight function
on the edgesof K, are equivalent.

() In any triangle, the largestweight is achieved (at least) twice.
(i) In any cycle,the largestweight is achieved (at least) twice.
(iif) Every edgeis in a spanningtree of minimum weigh.

The theoremwill follow from this claim, becauseultrametrics are charac-
terized by (i) and weight functionsin the Bergmancomplexare characterized
by (iii).

The implication (i) ) (i) is trivial. Corversely assumethat (i) holds
and (i) doesnot. Without lossof generalily, assumehat the cyclev,v, ::: vy
hasv,v, asits unique edgeof largestweight. The largestweigh in triangle
V1Vov3 must be achieved at ! (vivo) = ! (vyv3). The largestweight in triangle
V1V3V, must then be achieved at ! (vyv3) = ! (v1v4). Continuing in this way
we getthat ! (viv,) = ! (viv3) = ¢¢¢= ! (vyv), and (ii) follows.

Now we prove (ii) ) (ii). Consideran arbitrary edgef. Let T be a
spanningtree of minimum weight. If f 2 T we aredone;otherwise, T[ f has
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a unique cycle. There is at least one edgee in this cycle with w(e) , w(f).
Therefore, the weight of the spanningtree Tne[ f is not larger than the
weight of T. This is then a spanningtree of minimum weight cortaining f .
Finally, assumethat (iii) holdsand (i) doesn't. Assumethat the triangle
with edgese;f;g has! (e) > ! (f);! (g), and considera spanningtree T of
minimum weight which contains edgee. If f isin T, then g cannotbein T,
and replacinge with g will give a spanningtree of smallerweight. If neither
f norgisin T, we canstill replacee with one of them to obtain a spanning
tree of smaller weight. If we could not, that would imply that both f and
g form a cyclewhen addedto Tne. Call thesecyclesC; and C4. But then
(Cinf)[ (Cyng) [ ewould cortain a cyclein T, a cortradiction. O

The previoustwo theoremsgive us a one-to-onecorrespndencebetween
the vectorsin the Bergmanfan B(K,) and the equidistart n-trees: B(K )
parameterizesquidistart n-treesby the distancesbetweentheir leaves. This
leadsus to considerthe spaceof trees T, of [3]. This spaceparameterizes
equidistart n-treesin a di®eren way: it keepstrack of their combinatorial
type, and the lengths of their internal edges. We recall the construction
of the spaceT,. Each maximal cell correspndsto a combinatorial type of
rooted binary tree on n labelledleaves;i.e., a rooted tree whereead internal
vertex hastwo descendats. Sud treeshave nj 2 internal edges,and are
parameterizedby vectorsin R."} ? recordingtheseedgelengths. Moving to a
lower dimensionalfaceof a maximal cell correspndsto setting someof these
edgelengths to 0, which gives non-binary degeneratecasesof the original
tree. Maximal cells are glued along these lower-dimensionalcells when two
treesspecializeto the samedegeneratetree.

Given a xed conbinatorial type of tree and the vector of internal edge
lengths, we canrecover the pairwise distancesof leavesaslinear relations on
the internal edgelengths. For example,considerthe tree type of Figure 3.
We form (H(A; B); HA; C); #A; D);HB; C); {B;D); HC;D)) 2 B(K4) from
(x;y) by the mapf : (x;y) 70 (2(Li xi ¥);2(1i ¥);22(1i y);22). The
converseis also true; given the pairwise distancesof leaves we can recover
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the internal edgelengths via linear relations on thesedistances[9].

TAQ\
LA B c D

Figure 3. Combinatorial type of tree with 4 leaves.

In general, doing this for ead type of tree, we geta mapf : T, !
B(K,). It follows from the previoustwo theoremsthat f is a one-to-one
correspndencebetweenT,, and B(K ,). Wewill now seethat, in fact, T, and
B(K ,) have the sameconbinatorial structure.

Prop osition. The mapf : T, ! B(K,) is a piecewiselinear homemor-
phism. It identi es the decomposition of the space of trees T, into combina-
torial tree types with the decomposition of the Bergman fan B(K ) into M,

equivalene classes.

Proof. Restricting to a maximal cell of T,,, correspndingto a xed treetype,
f is alinear map from the lengths of internal edges(in the spaceof trees) to
the pairwise distancesof the leaves(in the spaceof ultrametrics). Also, it is
clearthat whentwo maximal cellsof T,, intersect, the linear restrictions of f
to thesetwo cellsagreeon their intersection. The rst claim follows.
Supposewe are given a conbinatorial type of equidistart n-tree. From
the branching order of ead triple of leaves(i.e., which, if any, of the three
branched o® rst), we can recover which edgesof ead triangle of K, are
maximum in the correspnding weight vector. In turn, this allows usto re-
cover which edgesof any cycle are maximum: one can ched that an edge
is maximum in a cycle C if and only if it is maximum in ead triangle that
it forms with a vertex of C. Knowing the maximum edgesof eat cycle of
the graph, we can determine M, using the following version of the greedy
algorithm. Start with the complete graph K, and break its cyclessucces-
sively: at ead step pick an existing cycle, and remove one of its maximum
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edges. The trees which can result by applying this procedureare precisely
the ! -minimum spanningtrees[6]. Thereforef mapsa xed tree type class
of T, to a xed M, equivalenceclassof B(K ).

Conversely supposewe are given M, (which hasno loops) and we want
to determine the conbinatorial tree type of fi1(!). Considerthe edges
fe;f;gg of any triangle in K,; we can nd out whether e is maximum in this
triangle asfollows. Take a minimum spanningtree T cortaining e. Either
Tne[ f or Tne[ gis aspanningtree; assumeit isthe rst. If Tne[ f isa
minimum spanningtree, then! (e) = ! (f ), and eis maximum in the triangle.
Otherwise! (e) < ! (f) and e is not maximum in the triangle. Determining
this information for ead triangle tells us, for ead triple of leaves,which one
(if any) branched o® rst in the correspnding tree. It is easyto reconstruct
the conbinatorial type of the tree from this data, in the sameway that one
recovers an equidistart tree from its correspnding ultrametric [9, Theorem
7.2.5]. O

The link of the origin in T,,, which we call T,, is a simplicial complexwhich
hasbeengreatly studied. It was rst consideredby Vogtmann[15], and also
studied by Robinson and Whitehouse [8], Sundaram [13], Trappmann and
Ziegler[14], and Wads [16], amongothers. By Theorem 1, the link in (the
subdivision of) B(K,) is the order complex of the partition lattice | ,,. We
concludethe following result.

Corollary . The order complexof the partition lattice | |, is a suldivision of
the complexT,.

This provides a new explanation of the known result [8, 13, 14, 15, 16]
that thesetwo simplicial complexesare homotopy equivalert; namely, they
have the homotopy type of a wedgeof (nj 1)! (nj 3)-dimensionalspheres.

Let us now revisit the example of the last section. We computed the
Bergman complex of the graphical matroid of K4. We now know this is a
subdivision of T4, the link of the origin in the spaceof phylogenetictreeswith
4 leaves. In Figure 4 we shaw this spacewith someof the correspndingtrees.
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The dotted line in the tree correspnding to vertex 24 represems that the
vertex joining the leavesC and D is at the sameheight asthe vertex joining
the leavesA and B. This information is not captured by the conbinatorial
type of the tree.

Figure 4: The subdivision of the spaceof treeswith 4 leaves.

In Figure 6, we shav a represemativ e piece of the spaceof treeswith 5
leaves,with Ks labeledasin Figure 5.
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Figure 6: A pieceof the subdivision of the spaceof treeswith 5 leaves.
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4 App endix: Matroids

De nition. A matroid M on a nite groundsetE is a collection of subsets
| suchthat:
1) ;21
211,21 andloap Iy thenl, 2 1.
() If Iyand I, arein | andjl, < jl,j then there existsand elementx
inlyj Iysuchthat [ x21.
Elementsof | are referred to as the independert setsof M

For example,let V bea nite setof vectorsin R". Let | bethe collection
of all linearly independert subsetsof V. Then | is the collection of inde-
penden setsof a matroid on the ground setV. This fundamertal example
motivates many conceptsand resultsin matroid theory.

First we review somestandard matroid concepts. A basisis a maximal
independent set. A circuit is a minimal dependert set and we call a one
elemen dependert seta loop.

De nition. The rank of a subsetX % E, r(X), is the size of the largest
independentsetin X. A setX is a °at if for all elementse 2 E j X,
r(X [ e > r(X). The closureof a subsetof E is the minimal °at that
contains it. The posetof °ats ordered by containment is a lattice, which we
call the lattice of °ats, Ly .

De nition. The order complexof a nite posetP is the simplicial complex
¢p=fC%PjCis achainof Pg.

De nition.  The matroid polytope of M is the polytope in RE with vertexset

4.1 Operations

De nition.  For a subsetT ¥ E, the restriction of M to T, or deletion of
Ei T from M, is the matroid on the ground set T, whoserank function is
rmjt(X) = ry (X) for X p T. This matroid is denote MjT or Mn(E j T).
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De nition. For a subseftT ¥z E, the cortraction of T from M is the matroid
on the ground setE | T, whoserank function is ry=r(X) = rm(X [ T) i
rv (T). This matroid is denotel M =T.

De nition.  Given two matroids M; and M, on disjoint setsE; and E,,
there is a matroid M; © M, on the ground setE; [ E,, called the direct sum
of M; and M. Its basesare the setsof the form B, [ B,, whee B; and B,
are basesof M, and M, resyectively.

4.2 Connectivit y

The following is an equivalencerelation on E: e » f if and only if some
circuit of M cortains both e and f .

This is the only possibledecommsition of M as a direct sum of non-empty
connectedmatroids.

De nition. A set; 2T L E is a separatorof M if it is the union of some
of the componentsof M.

Prop osition. A set; %2 T Y E is a se@rator if and only if any (and all) of
the following three conditions are satis ed:

Q) M=T= MnT

@) r(M+r(Ej T)=r(M)

B)M=MTOM=T
In particular, noticethat T is a se@rator if and only if its complementE j T
is a se@rator.
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